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ItalyD Eduwohww fruuhfwlrq idfwru iru whvwv
rq wkh frlqwhjudwlqj uhodwlrqv
Vûuhq Mrkdqvhq/
Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh
Pdufk 4<<<
Devwudfw
Olnholkrrg udwlr whvwv iru uhvwulfwlrqv rq frlqwhjudwlqj yhfwruv duh
dv|pswrwlfdoo| "2 glvwulexwhg1 Iru vrph ydoxhv ri wkh sdudphwhuv wklv
dv|pswrwlf glvwulexwlrq grhv qrw jlyh d jrrg dssur{lpdwlrq wr wkh qlwh
vdpsoh glvwulexwlrq1 Lq wklv sdshu zh ghulyh wkh Eduwohww fruuhfwlrq idf0
wru iru wkh olnholkrrg udwlr whvw dqg vkrz e| vrph vlpxodwlrq h{shulphqwv
wkdw lw fdq eh d xvhixo wrro iru pdnlqj lqihuhqfh14L q w u r g x f w l r q
Lq wklv sdshu zh ghulyh d Eduwohww fruuhfwlrq iru wkh whvw rq wkh frlqwhjudwlqj





& 3 ￿ [
￿ ’￿
K￿{f|3￿ nx _ |n0 |c| ' ccA +4,
zkhuh 0| duh l1l1g1 ?Efclc wkh lqlwldo ydoxhv duh {hg dqg _| E?_   dqg (|
E?(   duh ghwhuplqlvwlf whupv/ olnh frqvwdqw/ olqhdu whup hwf1 Wkh pdwulfhv
k dqg q duh E?  o dqg wkh pdwulfhv K￿ccK &3￿cduh E?  ?c xE ?? _dqg
4E?(   Iru wkh dqdo|vlv ri wklv sdshu zh dvvxph wkdw f| lv UE D w|slfdo
h{dpsoh ri wkh ghwhuplqlvwlf whupv lv wr ohw _| ' cdqg (| ' |c fruuhvsrqglqj
wr kdylqj d olqhdu wuhqg lq wkh surfhvv dqg wuhqg vwdwlrqdu| frpelqdwlrqv q
￿f|
Wkh irupxodwlrq ehorz dovr doorzv/ zlwk plqru prglfdwlrqv/ wkh srvvlelolw|
wkdw ?( dqg ?_ duh }hur1
Wkh olnholkrrg udwlr whvw iru k|srwkhvhv rq q kdv ehhq wuhdwhg lq Mrkdqvhq
dqg Mxvholxv +4<<3, dqg Dkq dqg Uhlqvho +4<<3,/ dqg lw lv nqrzq wkdw lw lv
dv|pswrwlfdoo| 2 glvwulexwhg/ ghvslwh wkh idfw wkdw wkh dv|pswrwlf glvwulexwlrq
ri wkh hvwlpdwru lv pl{hg Jdxvvldq1 Wkh qlwh vdpsoh glvwulexwlrq/ krzhyhu/ lv
qrw dozd|v zhoo dssur{lpdwhg e| wkh dv|pswrwlf glvwulexwlrq/ vhh iru lqvwdqfh
Idfklq +4<<:,/ Mdfrevhq dqg Juhghqkr +4<<;,/ dqg Mdfrevrq/ Yuhglq/ dqg
Zduqh +4<<;,/ Kdxj +4<<;,/ wr phqwlrq d ihz ri wkh pdq| vwxglhv ri wkh qlwh
vdpsoh surshuwlhv ri wkh whvw ri uhvwulfwlrqv rq q
Zh ghulyh khuh d fruuhfwlrq whup wr wkh olnholkrrg udwlr whvw vwdwlvwlf iru
k|srwkhvhv rq q zlwk wkh sxusrvh ri lpsurylqj wkh dssur{lpdwlrq wr wkh dv|ps0
wrwlf 2 glvwulexwlrq1 Wkh fruuhfwlrq lv wkh vr0fdoohg Eduwohww fruuhfwlrq/ vhh
Eduwohww +4<6:,1 Iru d uhfhqw vxuyh| ri wkh wkhru| ri wklv w|sh ri fruuhfwlrq vhh
Fuledur0Qhwr dqg Frughlur +4<<9,1 Eulh | wkh phwkrg frqvlvwv ri fdofxodwlqj
wkh h{shfwdwlrq ri wkh olnholkrrg udwlr +OU, vwdwlvwlf lq wkh irup 2uJ}u- iru
d jlyhq sdudphwhu srlqw w xqghu wkh qxoo k|srwkhvlv1 Xvxdoo| lw lv qrw srvvleoh
wr gr wklv h{solflwo| dqg rqh fdq lqvwhdg qg dq dssur{lpdwlrq ri wkh irup




zkhuh  lv htxdo wr wkh ghjuhhv ri iuhhgrp iru wkh whvw dqg Ewc vkrzv krz wkh
uhpdlqlqj sdudphwhuv xqghu wkh qxoo k|srwkhvlv glvwruwv wkh phdq dqg khqfh
4wkh glvwulexwlrq ri wkh whvw vwdwlvwlf1 Wkh lghd lv wkdw wkh txdqwlw|
2Orju-
n
￿E ￿ w ￿
A
kdv d glvwulexwlrq wkdw lv forvhu wr wkh olplw glvwulexwlrq/ vhh Odzoh| +4<89, iru d
surri ri wklv vwdwhphqw xqghu fodvvlfdo l1l1g1 dvvxpswlrqv/ wkdw duh qrw vdwlvhg
lq wkh UE prgho1
Wkh prgho +4, lv fkdudfwhul}hg e| glphqvlrq +?/ frlqwhjudwlqj udqn Eo/
odj ohqjwk E&c wkh qxpehu ri ghwhuplqlvwlf whupv uhvwulfwhg wr wkh frlqwhjudwlqj
vsdfh E?(c wkh qxpehu ri xquhvwulfwhg whupv E?_ dqg qdoo| ri frxuvh wkh ydoxh
ri doo wkh sdudphwhuv dqg wkh vdpsoh vl}h EA
Wkh pdlq uhvxow suhvhqwhg lq Vhfwlrq 7 lv wkdw wkh Eduwohww fruuhfwlrq lv
d ixqfwlrq ri wkh sdudphwhuv wkurxjk rqo| wzr ixqfwlrqv/ dqg ydulrxv frpelqd0
wlrqv ri wkh deryh fkdudfwhulvwlf qxpehuv1 Zh qg iru lqvwdqfh iru wkh whvw wkdw







dE2E?  on6  E k n2 E S E k nS _E k o
Wkh frh!flhqwv EkcSEkcdqg S_Ek duh jlyhq lq Wkhruhp 8 ehorz1 Wklv
uhvxow lpsolhv wkdw rqh fdq vhh iru zklfk frpelqdwlrqv ri wkh sdudphwhuv wkh
xvxdo 2 dssur{lpdwlrq euhdnv grzq/ dqg pruh frqvwuxfwlyho| zkhq lw lv xvh0
ixo1 Lq ehwzhhq wkhuh lv dq duhd zkhuh wkh Eduwohww fruuhfwlrq fdq vhuyh dv dq
lpsuryhphqw wr wkh xvxdo dv|pswrwlf uhvxowv1
Wkh sodq ri wkh sdshu lv uvw wr hvwdeolvk lq Vhfwlrq 5/ wkdw d qxpehu
ri k|srwkhvhv fdq eh jlyhq d jhqhudo irupxodwlrq dv whvwv lq d uhgxfhg udqn
uhjuhvvlrq prgho1 Lq Vhfwlrq dq h{sdqvlrq lv jlyhq ri wkh hvwlpdwruv ri wklv
uhgxfhg udqn uhjuhvvlrq/ dqg wkhq dq h{sdqvlrq lv jlyhq ri wkh orj olnholkrrg
udwlr whvw vwdwlvwlf1 Lq Vhfwlrq 7 wkh pdlq uhvxow rq wkh Eduwohww fruuhfwlrqv duh
jlyhq dqg wkh uhvxowv vshfldol}hg wr wkh prghov glvfxvvhg lq Vhfwlrq 5/ dqg qdoo|
lq Vhfwlrq 8 vrph vlpxodwlrq h{shulphqwv duh frqgxfwhg zklfk vkrz wkdw wkh
Eduwohww fruuhfwlrq lv d xvhixo dgglwlrq wr wkh xvxdo dv|pswrwlf dqdo|vlv1 Wkh
yhu| orqj dqg whglrxv surriv duh jlyhq lq dq Dsshqgl{1
5 Wkh prghov dqg wkh k|srwkhvhv
Zh ghqh lq wklv vhfwlrq wkuhh prghov e| uhvwulfwlrqv rq wkh frlqwhjudwlqj uh0
odwlrqv1 Doo prghov fdq eh dqdo|vhg e| uhgxfhg udqn uhjuhvvlrq/ vhh Mrkdqvhq
5+4<<9, iru d ghwdlohg dqdo|vlv ri wkh prghov1 Wkh prghov doorz ghwhuplqlvwlf
whupv ri d vxlwdeo| vlpsoh w|sh/ wkdw fryhuv pdq| ri wkh xvxdo vlwxdwlrqv1 Zh
vkrz krz wkh fruuhfwlrq whup iru wkh whvw ri hdfk ri wkh prghov fdq eh fdo0
fxodwhg vlpso| li zh kdyh wkh fruuhfwlrq whup iru d vlpsoh k|srwkhvlv/ dqg zh
vkrz iru hdfk ri wkh prghov krz wr irupxodwh wkh whvw ri d vlpsoh k|srwkhvlv
dv d whvw lq d uhgxfhg udqn uhjuhvvlrq/ vxfk wkdw doo wkh whvwv fdq eh jlyhq wkh
vdph xqlirup irupxodwlrq1
P fXquhvwulfwhg frlqwhjudwlqj vsdfh
Wkh prgho lv jlyhq e| wkh htxdwlrq +4, zlwk xquhvwulfwhg sdudphwhuv1
P ￿Vdph uhvwulfwlrq rq doo frlqwhjudwlqj uhodwlrqv
Wkh prgho lv ghqhg dv d vxeprgho ri Pf e |w k hv d p hu h v w u l f w l r q vr qd o o
frlqwhjudwlqj uhodwlrqv zklfk fdq eh h{suhvvhg dv
q ' Mc
zkhuh M lv E?  r ri udqn r dqg nqrzq/ o  r	? /d q glv Er  o dqg
















zlwk Er n ?(coRqh frxog dovr ghqh d prgho e| uhvwulfwlqj vlpxowd0
qhrxvo| erwk q dqg 4 exw wkh suhvhqw fkrlfh vhhpv pruh uhohydqw iru wkh
dssolfdwlrqv1
P 2Vrph frlqwhjudwlqj uhodwlrqv nqrzq



















zkhuh wkh pdwulfhv q
f
￿ E?  o￿ ri udqn o￿ dqg 4f
￿ E?(  o￿ duh nqrzq
dqg wkh pdwulfhv ￿ Eo￿  o￿c 2E ?o 2 cdqg 42 E?(  o2 duh xqnqrzq








2Eo￿E? n ?(  o
Lw zrxog dovr eh uhohydqw wr irupxodwh khuh wkh uhvwulfwlrq wkdw rqo| q zdv
sduwo| nqrzq1 Wklv prgho/ krzhyhu/ fdq qrw eh hvwlpdwhg e| uhgxfhg
udqn uhjuhvvlrq dqg wkh dqdo|vlv jlyhq ehorz zrxog kdyh wr eh prglhg1
Lq wkh iroorzlqj vhfwlrqv zh ghulyh d fruuhfwlrq idfwru iru whvw ri d vlpsoh
k|srwkhvlv rq q dqg 4 lq hdfk ri wkh prghov Pfc P￿ dqg P2c dqg dsso| wkhvh
wr ghulyh d fruuhfwlrq idfwru iru wkh whvw ri P￿ lq Pf dqg P2 lq Pf xvlqj wkh
iroorzlqj wulfn=
Wr whvw P￿ lq Pfc vd|/ zh wdnh d sdudphwhuv q
f ' Mf dqg 4f fruuh0
vsrqglqj wr d sdudphwhu srlqw lq P￿ Zh ghqh wkh frqfhqwudwhg olnholkrrg

















' 2*L}u-Eq ' q
fc4'4 fmPfn2* L }u-Eq ' q
fc4'4 fmP￿
Khqfh zh vhh wkdw wkh fruuhfwlrq iru wkh whvw zh duh uhdoo| lqwhuhvwhg lq/ qdpho|
P￿ lq Pfc fdq eh irxqg dv wkh glhuhqfh ri wkh fruuhfwlrqv wr wzr whvwv ri
vlpsoh k|srwkhvhv rq q dqg 4 lq Pf dqg P21 Wkxv/ li zh fdq qg d jhqhudo
uhvxow zklfk doorzv xv wr ghulyh d fruuhfwlrq iru d vlpsoh k|srwkhvlv rq q dqg 4
lq wkhvh ydulrxv prghov/ wkhq zh fdq ghulyh wkh fruuhfwlrqv e| vxewudfwlrq1
514 Wkh ghwhuplqlvwlf whupv
Wkh fruuhfwlrq zloo ghshqg rq wkh ghwhuplqlvwlf whupv dqg lq rughu wr jhw uhd0
vrqdeo| vlpsoh h{suhvvlrqv zh dvvxph wkdw wkh| vdwlvi| wkh uhodwlrq
_|n￿ ' 
￿_|c'ccfcc +5,
7iru vrph pdwul{  zlwk wkh surshuw| wkdw
me}Em '  +6,
Ixuwkhu zh dvvxph wkdw
{(| ' g
￿_|c +7,
iru vrph E?_  ?( pdwul{ g Ilqdoo| zh dvvxph wkdw E(|c_ | A
|’￿ duh olqhduo|
lqghshqghqw1 Wkxv zh doorz iru lqvwdqfh _￿

















dqg  kdv hljhqydoxhv htxdo wr 41 Li r￿cr 2cdqg r￿ duh txduwhuo| gxpplhv zh
fdq frqvlghu frpelqdwlrqv olnh _￿
| 'E  c|cr ￿E|cr 2E|cr ￿E|1L qw k l vf d v hz hk d y h





















zklfk kdv hljhqydoxhv 	c	 Qrwh wkdw lqwhuyhqwlrq gxpplhv duh qrw fryhuhg
e| wklv irupxodwlrq dqg zloo jlyh ulvh wr pruh frpsolfdwhg irupxodh1
Ohppd 4 Li [| lv UE dqg jlyhq e| htxdwlrq E dqg li +5,/ +6,/ dqg +7, krogc
wkhq .Eq
￿f|3￿ n 4￿(| dqg .E{f| duh olqhdu ixqfwlrqv ri _|
Surri1 Iurp Judqjhu*v uhsuhvhqwdwlrq wkhruhp/ vhh Mrkdqvhq +4<<9,/ zh




E0￿ nx _ ￿nE u E0| n k4
￿(| nx _ |nc
zkhuh E5'
S "









.E{f|' x _ |n E u Ek4￿g￿ nx {  _ |
'd  xnE
S "
￿ ’f ￿Ek4￿g￿3￿ nx E 3 ￿3 ￿ 3 ￿o_| ' g￿
{_|c











3￿_| nx _ |c
zklfk vkrzv wkh uhvxow iru .Eq
￿f|3￿ n 4￿(|1 Qrwh wkdw wkh uhvxow wkdw ￿
j u r z vd wp r v wd vds r o | q r p l d ol qc vhh Ohppd 43c vkrzv wkdw wkh vxpv duh
frqyhujhqw/ vlqfh ￿ duh h{srqhqwldoo| ghfuhdvlqj1
Zh qh{w vkrz krz wkh vlpsoh k|srwkhvhv rq q dqg 4 lq Pfc P￿c dqg
P2c jlyh ulvh wr uhjuhvvlrq htxdwlrqv zklfk fdq eh jlyhq wkh vdph irupxodwlrq1
Wklv doorzv xv wr ghulyh doo wkh uhvxowv iurp rqh jhqhudo uhgxfhg udqn uhjuhvvlrq
htxdwlrq1
515 D vlpsoh k|srwkhvlv rq q dqg 4 lq P3







K￿{f|3￿ nx _ |n0 |c
zklfk lv hdvlo| hvwlpdwhg e| uhjuhvvlrq ri {f| rq q
f￿f| n 4f￿(|c odjjhg glhu0
hqfhv dqg _|
Lw lv frqyhqlhqw iru wkh fdofxodwlrqv wr uhsdudphwul}h wkh prgho ghqlqj
qhz sdudphwhuv dqg uhjuhvvruv zklfk lqyroyh wkh wuxh ydoxh1 Lq wkh iroorzlqj
vxevhfwlrqv zh wkhuhiruh qhhg d qrwdwlrq iru wkh wuxh ydoxh ri wkh sdudphwhuv/ dv
zhoo dv iru wkh sdudphwhuv ri wkh prgho1 Zh dovr qhhg d qrwdwlrq iru wkh hvwlpd0
wru xqghu wkh qxoo k|srwkhvlv dqg rqh iru wkh hvwlpdwru xqghu wkh dowhuqdwlyh1
Wkxv iru lqvwdqfh zh ohw k ghqrwh wkh sdudphwhu/ kf w k hw u x hy d o x hr iw k hs d 0
udphwhu/ iru zklfk zh fdofxodwh wkh h{shfwdwlrqv/  k wkh uhgxfhg udqn hvwlpdwru
lq wkh prgho dqg 	 k wkh uhjuhvvlrq hvwlpdwru xqghu wkh qxoo k|srwkhvlv1
Zh xvh wkh qrwdwlrq
['E K ￿ccK &3￿c K'U ?










vxfk wkdw iru 7 q ' qEq
￿q3￿
EU?  K 'E U ? KE7 qq
￿ nqz7 q
￿
z'E U ? K7 qq
￿
Zh wkhuhiruh ghfrpsrvh wkh surfhvv lqwr vwdwlrqdu| dqg qrq vwdwlrqdu| frpsr0
qhqwv=



























Zh fkrrvh qhz sdudphwhuv

￿ ' q
￿EU?  Kf7 q






z Eo  E?  o
B
￿
2 ' 4￿  
￿4f￿ Eo  ?(





















Wkh k|srwkhvlv q ' q
fc4'4 f lv h{suhvvhg lq wkh qhz sdudphwhuv dv
B 'f c'U oWkh prgho htxdwlrq +4, zlwk wkh qhz sdudphwhuv lv
{f| ' k
￿Eq
f￿f|3￿ n 4f￿(|nk E B
￿
￿E k f ￿
zK fq
f
z 3 ￿k f ￿




S & 3 ￿
￿ ’￿ K￿{f|3￿ nx _ |n0 |
+9,





jlyh wkh vdph suredelolw| phdvxuh dv EkccB iru dq| # Eo o ri ixoo udqn Zh
fdq dfklhyh mxvw lghqwlfdwlrq e| fkrrvlqj  ' Uoc wkdw lv/ e| devruelqj Eoo
lqwr kE?  o dqg dgmxvwlqj B dffruglqjo|1 Wkh k|srwkhvlv ri lqwhuhvw lv wkhq
B 'f 
Lq wkh +uhgxfhg udqn, uhjuhvvlrq +9, zh xvh wkh uhvxow wkdw q
f￿f|3￿ n
4f￿(| dqg {f| kdyh d phdq wkdw lv olqhdu lq _|c vhh Ohppd 4/ dqg wkdw x
:hqwhuv xquhvwulfwhgo|/ wr uhsodfh wkh uhjuhvvruv q
f￿f|3￿ n 4f￿(| dqg wkh odjjhg




~|3￿ 'E { f
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vlpsohu zlwkrxw fkdqjlqj wkh vwdwlvwlfdo prgho dqg khqfh wkh whvw wkdw B 'f 1



























K￿Ef|3￿3￿  f|3￿  f3￿nk
￿
z
| 3 ￿ [
￿ ’￿
E0￿ nx _ ￿ 
















zkhuh f ghshqgv rq lqlwldo frqglwlrqv1
















zkhuh wkh glphqvlrqv duh lqglfdwhg ehorz hdfk yduldeoh1 Wkh hvwlpdwruv iru
wkh sdudphwhuv Bc kc[c xc dqg l fdq eh irxqg e| uhgxfhg udqn uhjuhvvlrq ri
{f| rq ET ￿
|3￿c ￿
|3￿fruuhfwhg iru ~|3￿ dqg _| Xqghu wkh k|srwkhvlv B 'fwkh
sdudphwhuv fdq eh irxqg e| uhjuhvvlrq ri {f| rq ~|3￿ dqg _|
Odwhu zh vkdoo fkrrvh |3￿ vxfk wkdw lw lv ruwkrjrqdo wr wkh ghwhuplqlvwlf
whup _| zklfk vlpsolhv vrph qrwdwlrq1 Qrwh wkdw li (| 'fw k h q /r if r x u v h /z h
gr qrw h{whqg wkh surfhvv/ dqg |3￿ lv ghqhg hqwluho| lq whupv ri wkh udqgrp
zdonv/ dqg lqlwldo ydoxhv1 Qrwh dovr wkdw li _| frqwdlqv d frqvwdqw wkhq/ zkhq
fruuhfwlqj iru _|c wkh lqlwldo ydoxhv glvdsshdu1
;516 D vlpsoh k|srwkhvlv rq q dqg 4 lq prgho P4
Lq prgho P￿ wkh frlqwhjudwlqj yhfwruv q duh uhvwulfwhg dv q ' M +Ero





& 3 ￿ [
￿ ’￿
K￿{f|3￿ nx _ |n0 | +44,
Zh frqvlghu djdlq wkh vlpsoh k|srwkhvlv q ' M
fc4'4 fcfruuhvsrqglqj
w rds r l q wl qP ￿Zh zdqw wr vkrz wkdw e| lqwurgxflqj wkh wuxh sdudphwhuv q
fc
4fc dv ehiruh zh fdq uhirupxodwh wkh htxdwlrqv wr kdyh wkh irup +43,/ vxfk
wkdw d whvw ri d vlpsoh k|srwkhvlv lv d whvw wkdw B 'f 























Lq wklv fdvh zh kdyh wkdw q
f ' M
f lpsolhv wkdw q
f



















￿M￿EU?  fKf7 q






z Eo  Er  o
B
￿
2 ' 4￿  
￿
















W k hk | s r w k h v l vl vi r u p x o d w h gd vB'f c ￿'U oZh ohw T|3￿ dqg ~|3￿ eh






















iru vrph pdwulfhv gf +Ero ghshqglqj rq lqlwldo frqglwlrqv dqg g￿ EEr

















￿ lv devruehg lq k dqg wkh uhpdlqlqj sdudphwhuv duh dgmxvwhg dffrug0
lqjo| vxfk wkdw dovr ~|3￿c dqg T|3￿ kdyh phdq }hur1 Wkh k|srwkhvlv ri lqwhuhvw
lv B 'f czklfk fruuhvsrqgv wr 4 ' 4fcq'q
f'M
f
Wklv htxdwlrq kdv wkh vdph vwuxfwxuh dv +43, h{fhsw wkdw wkh glphqvlrq
ri |3￿ lv fkdqjhg wr r  o n ?(
517 D vlpsoh k|srwkhvlv rq q dqg 4 lq prgho P5
Djdlq zh lqyhvwljdwh d vlpsoh k|srwkhvlv rq q dqg 4 zklfk fdq eh irupxodwhg
dv 2 ' q
f
2c4 2'4 f
2 Wkh sdudphwhu k lv ghfrpsrvhg fruuhvsrqglqj wr wkh







￿f | 3 ￿n4
f ￿
￿( |nk 2E 
￿
2f | 3 ￿n4
￿
2( | 
Lq wklv fdvh zh devrue 
￿
￿ lqwr k￿ dqg lqfoxgh wkh uhjuhvvru q
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erwk fruuhfwhg iru wkhlu phdq/ dqg zkhuh djdlq kc [c dqg x kdyh ehhq uhghqh
wr dffrpprgdwh wkh fkdqjh lq uhjuhvvruv1 Lw lv vhhq wkdw htxdwlrq +47, lv ri wkh





￿ f|3￿ duh pryhg wr wkh odjjhg glhuhqfhv1
Wkh k|srwkhvlv fdq eh whvwhg dv B 'f cdv wkh rwkhu uhvwulfwlrqv duh devruehg lq
k dqg [
Wkxv lq d jhqhudo irupxodwlrq wkdw fryhuv doo wkh k|srwkhvhv zh duh lqwhu0
hvwhg lq/ zh qhhg wr doorz wkh glphqvlrqv ri wkh yduldeohv hqwhulqj wkh htxdwlrq
wr eh glhuhqw iurp wkh wkrvh jlyhq lq +43,1 Exw zh vwloo qhhg wr suhvhuyh wkh
surshuwlhv wkdw xqghu wkh qxoo k|srwkhvlv wkh surfhvv +T ￿
|3￿c~￿
|3￿ ￿ lv d phdq
}hur vwdwlrqdu| dxwruhjuhvvlyh surfhvv/ dqg wkdw T|3￿ dqg B
￿|3￿ kdyh wkh idfwru
k Eru k2 lq iurqw1 Doo prghov +43,/ +46,/ dqg +47, kdyh wkh surshuw| wkdw wkh|
fdq eh vroyhg e| uhgxfhg udqn uhjuhvvlrq dqg wkdw xqghu wkh qxoo k|srwkhvlv/
B 'f cwkh prgho lv vroyhg e| vlpsoh uhjuhvvlrq1
6 D jhqhudo uhgxfhg udqn htxdwlrq dqg dq h{0
sdqvlrq ri wkh hvwlpdwruv dqg wkh whvw vwdwlv0
wlf
Lq rughu wr fryhu wkh glhuhqw fdvhv frqvlghuhg lq Vhfwlrq 5/ zh glvfxvv wkh
h{sdqvlrq dqg Eduwohww fruuhfwlrq ri wkh olnholkrrg udwlr whvw iru wkh k|srwkhvlv
B 'flq wkh htxdwlrq
44Prgho ?￿ ?@ ?5 1
Pf o?  o n ? (E &  ?k
P ￿or  o n ? (E &  ?k
P 2o 2 ?  o n ? ( o ￿ nE &?k 2
Wdeoh 4= Wkh fkrlfh ri glphqvlrqv lq wkh jhqhudo uhjuhvvlrq prgho +4:, zklfk















zkhuh 0| duh l1l1g1 ?Efcl dqg wkh sdudphwhuv E1cBc[cxcl ydu| iuhho|1
Wklv qrwdwlrq fryhuv wkh glhuhqw vlwxdwlrqv frqvlghuhg iru vxlwdeoh fkrlfhv
ri wkh uhjuhvvruv T|3￿c | 3 ￿ cdqg ~|3￿c dqg wkhlu glphqvlrqv/ vhh Wdeoh 41
Lq doo fdvhv wkh yduldeohv T|3￿ dqg ~|3￿ duh/ xqghu wkh k|srwkhvlv B '






f ' kf ru kf
2 Qrwh wkdw wkh vwdfnhg Eo nE &? glphqvlrqdo
surfhvv t| 'E T￿
|c~￿
| ￿ lv wkh vdph iru doo fdvhv dqg frqwdlqv q
￿f| dqg wkh odjjhg
glhuhqfhv fruuhfwhg iru wkhlu phdq1
Wkh yhu| ghwdlohg fdofxodwlrqv lq wklv sdshu frqwlqxhv wkh zrun lq Mrkdqvhq
+4<<<, zkhuh wkh fruuhfwlrq zdv irxqg iru wkh prgho zkhuh vs+1 lv nqrzq1 Wkh
uhvxow ghulyhg wkhuh surylgh wkh pdlq whup ri wkh Eduwohww fruuhfwlrq lq wkh
vlwxdwlrq zkhuh 1 lv xqnqrzq dqg zh wkhuhiruh eulh | glvfxvv wklv vlwxdwlrq lq
wkh qh{w vxevhfwlrq1 Zh wkhq jlyh dq h{sdqvlrq ri wkh uhgxfhg udqn hvwlpdwru
durxqg wkh uhjuhvvlrq hvwlpdwru ydolg xqghu wkh qxoo k|srwkhvlv dqg qdoo| zh
ghulyh dq h{sdqvlrq ri d vlpsoh k|srwkhvlv iru B 'f 1
614 Wkh dqdo|vlv iru {hg 1 ' 1
3
Qrwh wkdw li 1 ' 1
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45Khqfh wkh prgho iru 7 1
f￿{f jlyhq 1
f￿
z{f| dqg wkh sdvw lv
7 1
f￿{f| ' /| n
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f 3 ￿0 |c
vxfk wkdw iru wkh wuxh ydoxh ri wkh sdudphwhuv






Zh ghqh wkh surgxfw prphqw pdwulfhv ￿￿ iru wkh yduldeohv {f|c |c0 |cL |c


























Zh dovr xvh wkh qrwdwlrq iru dq| wkuhh surfhvv fc Lc dqg T
￿￿￿% ' ￿￿  ￿%
3￿
%% %￿c
dqg lq sduwlfxodu zh xvh d qrwdwlrq iru wkh prphqw pdwulfhv fruuhfwhg iru wkh
odjjhg glhuhqfhv ~|3￿ dqg _|/ vlqfh pdq| uhvxowv orrn d elw vlpsohu wklv zd|
7￿￿ ' ￿￿￿5c_ ' ￿￿  ￿_
3￿
__ _￿  ￿5￿_
3￿
55￿_5￿￿_
Wkhvh prphqw pdwulfhv duh qdwxudo zkhq wkh olnholkrrg ixqfwlrq lv frqfhqwudwhg
zlwk uhvshfw wr [ dqg x1 Wkh pd{lpxp olnholkrrg hvwlpdwru ri B +iru nqrzq
1 ' 1















46Wkh whvw iru wkh k|srwkhvlv B 'f c+vwloo iru nqrzq 1
f lv xqghu wkh k|srwkhvlv/
B 'f chtxdo wr












' mU?  A 3￿'mc
+4<,
vd|/ vxfk wkdw
2*L}u-EB 'f m 1 fnqrzq





Zh xvh khuh wkh qrwdwlrq
_ ' wr lqglfdwh wkdw zh kdyh nhsw whupv ri ru0
ghu A 3_ Dq dssur{lpdwlrq wr wkh h{shfwdwlrq ri 2*L}u- jlyhq e| +53, zdv
ghulyhg lq Mrkdqvhq +4<<<, dqg wxuqv rxw wr jlyh wkh pdlq frqwulexwlrq wr wkh
h{shfwdwlrq ghulyhg lq wklv sdshu1
615 Wkh uvw rughu frqglwlrqv iru wkh hvwlpdwlrq ri 1c Bc
dqg l
Lq wkh uhvw ri wkh sdshu zh uhihu wr wkh wuxh ydoxh/ wkh rqh iru zklfk zh fdofxodwh
wkh h{shfwdwlrq/ zlwkrxw wkh vxshuvfulsw vlqfh wkdw vlpsolhv wkh qrwdwlrq1 Zh
h{suhvv wkh uhvxowv ehorz lq wkh qrwdwlrq iru wkh frqfhqwudwhg prgho/ zkhuh wkh
sdudphwhuv [ dqg x kdyh ehhq holplqdwhg/ wkdw lv/ zh xvh wkh prphqw pdwulfhv
7 udwkhu wkdq 
Wkh pd{lpxp olnholkrrg hvwlpdwruv edvhg xsrq +4:, zloo eh ghqrwhg e|
 Bc  1c dqg  l Wkh uvw rughu frqglwlrqv iru wkh hvwlpdwruv lq prgho +4:, fdq eh
vroyhg iru hdfk ri wkh yduldeohv dv
 1 'E 7 f ￿n7 f @ B E7￿￿ n B
￿





3 ￿E 7 ff   1E7￿￿ n B
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3￿  7@￿ +56,
47Qrwh wkdw wkh htxdwlrqv fdqqrw eh vroyhg vlpso|/ vlqfh wkh hvwlpdwruv duh
h{suhvvhg lq whupv ri hdfk rwkhu1
Xqghu wkh qxoo k|srwkhvlv B 'f cwkh hvwlpdwruv duh
	 1 ' 7f￿7
3￿








Zh qh{w qhhg d uhvxow derxw uhjuhvvlrq hvwlpdwruv iru vwdwlrqdu| surfhvvhv dqg
wkh w|sh ri ghwhuplqlvwlf whupv zh frqvlghu1
Ohppd 5 Ohw 7| '
S"
￿’f w￿0|3￿ zlwk w￿ ghfuhdvlqj h{srqhqwldoo| eh d vwdwlrqdu|
surfhvv/ dqg ohw _| vdwlvi| _|n￿ ' _|c zlwk me}Em ' cdqg ohw





￿__	 # ' r_
3￿
__ _r 5 ￿E +57,
Wklv uhvxow iroorzv iurp Ohppd 441 Zh qh{w h{sdqg wkh hvwlpdwruv  1c  l
dqg  Bc qrw durxqg wkh sdudphwhu srlqw +1clcfc exw durxqg wkh hvwlpdwru xqghu
wkh qxoo +	 1c 	 lcf
Wkhruhp 6 Wkh hvwlpdwruv  1c  lc dqg  B fdq eh h{sdqghg durxqg 	 1c 	 ldqg f
uhvshfwlyho|G
 1  	 1 'd 7 0@￿￿ B  	 1 B
￿






E	 l   l
' A 3￿d70@￿￿ B	 1
￿
n 	 1 B
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nA 3￿d70@￿￿ B  	 1 B
￿













'A3 ￿	 l ' fnA3 2	 l ' ￿n ￿E A3D
2
+59,











48Wkh h{sdqvlrqv fdq frqyhqlhqwo| eh h{suhvvhg lq whupv ri d surmhfwlrq
pdwul{
















Surri1 S u r r ir i+ 5 8 , =Iurp +54, zh h{sdqg dqg qg zlwk 	 11 ' 70￿73￿
￿￿
 1 'E 7 f ￿n7 f @ B  7 3 ￿
￿￿ E7f￿ n7f@ B73￿
￿￿ E B
￿




' 	 1 nd 7 f @ B	 1E  B
￿





7f@ B  	 1E7￿@ B n B
￿
7@￿ n  B
￿
7@@ B
'E 7 0@ n 17￿@ B 	 1E7￿@ B n B
￿
7@￿ n  B
￿
7@@ B
' 70@￿￿ B  	 1 B
￿




7f@  	 17￿@ ' 70@  E	 1  17￿@ ' 70@  70￿7
3￿
￿￿ 7￿@ ' 70@￿￿c +5<,
zklfk suryhv wkh uhvxow1
Surri ri +59,= Iurp +55, zh qg
A  l'7 ff   1E7￿￿ n B
￿




' 7ff  E7f￿ n 7f@ BE7￿￿ n B
￿
7@￿ n 7￿@ B n B
￿
7@@ B3￿E7￿f n  B
￿
7@f
Zh qrz h{sdqg wkh odvw whup dqg nhhs whupv ri rughu A 3￿1W k u r x j k r x w
zh xvh 	 1 ' 7f￿73￿
￿￿  Wkhq
E7f￿ n 7f@ BE7￿￿ n B
￿
7@￿ n 7￿@ B n B
￿
7@@ B3￿E7￿f n  B
￿
7@f











7@￿ n 7￿@ B n B
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7@@ B73￿




￿￿ 7￿f n	 1 B
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49Wkh pdlq whup frpelqhv zlwk 7ff wr jlyh
A 	 l'7 ff  7f￿7
3￿
￿￿ 7￿f
Wkh whup ri rughu A f lv
	 1 B
￿
7@f n 7f@ B	 1
￿
 	 1E B
￿




' 	 1 B
￿
E7@f  7@￿	 1
￿






' 	 1 B
￿
7@0￿￿ n 70@￿￿ B	 1
￿





zkhuh zh kdyh xvhg +5<,1 Wkh whup ri rughu A 3￿ lv
d7f@ B  	 1E B
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'd 7 0@￿￿ B  	 1 B
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Surri ri +5:,= Iurp +56, zh kdyh







Vlqfh  1  	 1 dqg  l  	 l duh erwk lq ￿EA 3￿ dqg 7f@73￿
@@ 7@f 5 ￿Ec zh qg
wkdw











Wkh pdlq whup fdq eh uhgxfhg dv iroorzv=
73￿
@@ E7@f	 l3￿	 1E	 1
￿	 l3￿	 13￿  7@￿
' 73￿
@@ EE7@0 n 7@￿1	 l3￿	 1E	 1
￿	 l3￿	 13￿  7@￿
' 73￿
@@ 7@0	 l3￿	 1E	 1
￿	 l3￿	 13￿ n 73￿
@@ 7@￿E1  	 1	 l3￿	 1E	 1
￿	 l3￿	 13￿
' 73￿
@@ 7@0	 l3￿	 1E	 1
￿	 l3￿	 13￿  73￿
@@ 7@￿73￿
￿￿ 7￿0	 l3￿	 1E	 1
￿	 l3￿	 13￿
' 73￿
@@ E7@0  7@￿73￿
￿￿ 7￿0	 l3￿	 1E	 1
￿	 l3￿	 13￿
' 73￿
@@ 7@0￿￿	 l3￿	 1E	 1
￿	 l3￿	 13￿
Wklv frpsohwhv wkh surri ri Wkhruhp 6 rq wkh h{sdqvlrq ri wkh hvwlpdwruv1
Zh frqfoxgh wklv vhfwlrq e| vwdwlqj wkh wkhruhp rq wkh h{sdqvlrq ri wkh






m	 lE	 l lm
m	 lm
' mU?  	 l
3￿E	 l   lm
4:vxfk wkdw
2*L}u- ' A *L}mU?  	 l3￿E	 l   lm
￿ ' A|oi	 l 3￿E	 l lj n A
2|oiE	 l3￿E	 l   l2j
Zh dsso| Wkhruhp 6 dqg qg wkdw/ vhh +59,/
	 l   l'A
3 ￿	 l ' fnA

























Zh fdq wkhq suryh
Wkhruhp 7 Dq h{sdqvlrq ri wkh orj olnholkrrg udwlr whvw iru B 'fedvhg xsrq




























Qrwh wkdw wkh uvw wzr whupv duh wkh whvw vwdwlvwlf iru B 'fli 1 zhuh
nqrzq/ vhh +4<, dqg +53,/ wkh qh{w whup lv ri wkh rughu ￿EA 3￿
2c dqg wkh odvw
irxu whupv duh ri wkh rughu ￿EA 3￿1 Wkh surri ri Wkhruhp 7 edvhg xsrq wkh
h{sdqvlrqv lq Wkhruhp 6 lv jlyhq lq wkh Dsshqgl{1
7 Wkh Eduwohww fruuhfwlrq idfwru
Lq wklv vhfwlrq zh jlyh wkh pdlq uhvxow rq wkh Eduwohww fruuhfwlrq1 Zh uvw
glvfxvv eulh | wkh lghd ri frqglwlrqlqj rq wkh frpprq wuhqgv dqg wkhq jlyh
wkh fdofxodwlrqv ri vrph frh!flhqwv lq wkh frlqwhjudwhg YDU wkdw duh qhhghg
4;wr irupxodwh wkh pdlq uhvxow1 Ilqdoo| zh vwdwh wkh pdlq uhvxow dqg vshfldol}h
lw wr wkh ydulrxv vlwxdwlrqv fryhuhg e| wkh jhqhudo irupxodwlrq dv lqglfdwhg lq
Vhfwlrq 51
Zh fkrrvh wr fdofxodwh wkh frqglwlrqdo h{shfwdwlrq ri wkh olnholkrrg udwlr
whvw vwdwlvwlf frqglwlrqlqj rq wkh surfhvv 1
￿
z0| Wkh dujxphqw iru wkdw lv/ wkdw
lw lv hdvlhu wr gr vr vlqfh pdq| ri wkh h{suhvvlrqv ghulyhg lqyroyh udwlrv ri
txdgudwlf irupv dqg wxuq rxw wr eh srvvleoh wr fdofxodwh li zh uvw frqglwlrq
rq 1
￿
z0| Dqrwkhu dujxphqw lv wkdw wkh dv|pswrwlf glvwulexwlrq ri 	 q lv pl{hg




{hg zkhq zh frqglwlrq rq 1
￿
z0| Wkh hqg uhvxow lv wkdw wkh frqglwlrqdo phdq













ri glphqvlrq ?K ' ?  ?￿
714 Wkh frqglwlrqlqj yduldeohv




￿’￿ 0￿c dqg 1
￿
z0| Lw
lv frqyhqlhqw wr ruwkrjrqdol}h @|3￿ rq wkh ghwhuplqlvwlf whupv _| vxfk wkdw lq
wkh iroorzlqj @_ 'f Qrwh wkdw li _| frqwdlqv d frqvwdqw/ wkhq |3￿ qr orqjhu
ghshqgv rq wkh lqlwldo ydoxhv1
Zkhq zh gr qrw frqglwlrq rq 1
￿
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ri glphqvlrq ?K ' ?  ?￿1W k hs u r f h v v8lv ghqhg dv wkh olplw ri |3￿ Li iru














zxE|  7 |c
vxfk wkdw lq wkh gluhfwlrq k￿
zxE9'f  / wkh surfhvv jurzv olqhduo| dqg ruwkrjrqdo
wr wkdw lw ehkdyhv olnh d udqgrp zdon1 Lq wklv fdvh 8 lv ri glphqvlrq ?K ' ?@ '
?  o dqg
8￿E'` ￿ E  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f
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wkhq d qrq vlqjxodu olqhdu wudqvirupdwlrq ri |3￿c zklfk ohdyhv wkh vwdwlvwlf
lqyduldqw/ uhpryhv wkh frh!flhqw xc vxfk wkdw lq wklv fdvh wkh surfhvv 8 lv ri










53Ilqdoo| ri |3￿ lv jlyhq e| +45, zlwk (| ' |c erwk fruuhfwhg iru wkhlu phdqc dqg
_| ' clw lv srvvleoh wr suryh wkdw
8￿E'` ￿E  
U￿
f ` ￿E r  _rc ' cc?rc
8?3rn￿ '   ￿
2
Zkhq frqglwlrqlqj rq wkh vhtxhqfh 1
￿
z0| zh dvvxph wkdw uhodwlrqv +64,0







|3￿ ' @@cA 3 ￿S A
| ’￿ K|K￿
|3& e| U?K ru f/h w f 1l qr u g h uw rv l p s o l i |
wkh h{suhvvlrqv1
715 Wkh dxwruhjuhvvlyh prgho
Ehiruh zh irupxodwh wkh pdlq uhvxow zh qhhg vrph qrwdwlrq iru wkh yhfwru dxwruh0
juhvvlyh surfhvv jlyhq lq prgho +4,/ zklfk lv wkh edvlv iru doo wkh fdofxodwlrqv1
Xqghu wkh qxoo k|srwkhvlv wkh prgho lv hvwlpdwhg e| ruglqdu| ohdvw vtxduhv
ri {f| rq T|3￿c~ |3￿c dqg _|c dqg zh wkhuhiruh lqwurgxfh wkh vwdfnhg surfhvv
t| 'E f ￿
|qc{f￿
|cc{f￿
|3&n2￿ fruuhfwhg iru lwv phdq1 Lw lv lq doo fdvhv ri gl0
phqvlrq ?+ ' ?￿ n?5 ' o nE&? dqg lv d vwdwlrqdu| dxwruhjuhvvlyh surfhvv
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716 Wkh pdlq uhvxowv
Zh fdq qdoo| vwdwh wkh pdlq uhvxow derxw wkh Eduwohww fruuhfwlrq idfwru1 Wkh
surri lv ohiw iru wkh Dsshqgl{ dqg zh jlyh khuh vrph fruroodulhv/ zklfk vkrz
h{solflwo| krz wkh fruuhfwlrq fdq eh xvhg iru wkh whvwv phqwlrqhg lq Vhfwlrq 51
Wkhruhp 8 Wkh frqglwlrqdo h{shfwdwlrq ri wkh orj olnholkrrg udwlr whvw iru wkh
k|srwkhvlv B 'flq +4:, lv jlyhq e|
.d2*L}u-EB 'f  m 1
￿
z0 o
￿ '? ￿? @n? ￿? @
A d ￿
2E ? ￿n? @n n? _n?n? 5o
n? @
AdE?  ?￿ n ?@  E1n2 E S E 1nS _E 1o
zkhuh
E1' |oiT1jcT 1 ' V 1 V ￿
1P 3 ￿
S E 1 ' |oiEU?+ n 3￿T1j n |oid 
 EU?+  T1odU?+ 
 U?+   
 o3￿j
S_E1'|oid 
 EU?+  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55Lw zloo eh vhhq iurp wkh surri wkdw wkh fruuhfwlrq whup lv wkh rqh ghulyhg
lq wkh vlwxdwlrq zkhuh 1 zhuh nqrzq/ vhh Mrkdqvhq +4<<<,/ dsduw iurp d whup
htxdo wr
?@E?3?￿￿
A E11 Wkh surri ri Wkhruhp 8 lv jlyhq lq wkh Dsshqgl{1





















￿f|c {f|cc{f |3&n2c fruuhvsrqglqj wr kdylqj
pryhg q
￿
￿f|3￿ iurp T|3￿ wr ~|3￿
Wkh frh!flhqw S_E1 fdq eh fdofxodwhg vlpso| lq vrph fdvhv/ olnh _| '
Ec| ￿cvlqfh wkhq |oi￿j ' ?_ '2iru doo  Wklv phdqv wkdw
S_E1'|oid 
 EU?+  T1odU?+ 




























￿j ' ?_|oiT1j ' ?_E1
Li _| frqwdlqv vhdvrqdo gxpplhv wkhq |oi￿j lv d shulrglf ixqfwlrq dqg d pruh
frpsolfdwhg h{suhvvlrq fdq eh irxqg1 Lq rughu wr xqghuvwdqg wkh sdudphwhu
ixqfwlrq E1 wkdw hqwhu wkh h{suhvvlrqv/ qrwh wkdw wkh orqj0uxq yduldqfh ri t|
frqglwlrqdo rq wkh frpprq wuhqgv lv jlyhq e| ww
￿ Wkxv wkh pdwul{ T1 phdvxuhv
wkh udwlr ehwzhhq wkh xqfrqglwlrqdo yduldqfh ri t| dqg wkh frqglwlrqdo orqj0
uxq yduldqfh1
Zh vshfldol}h wkh uhvxow wr wkh k|srwkhvhv glvfxvvhg lq Vhfwlrq 51
Fruroodu| 9 Wkh Eduwohww fruuhfwlrq iru wkh whvw ri d vlpsoh k|srwkhvlv q '
q
fc4'4 flq prgho Pf/l vj l y h qe |
. d  2*L}u-Eq ' q
fc4'4 f mPfo
￿ ' oE?  o n ?(n
oE ? 3 on ? (￿
A d￿
2E ?n? (n n? _n&?o
n
E?3on?(￿
A dE2?  2o n ?(  Ekn2 E S E k nS _E k o
56zkhuh  EkcS E k  cdqg S_Ek duh jlyhq lq Wkhruhp 81
Surri1 Wklv iroorzv iurp Wkhruhp 8 e| vxevwlwxwlqj ?￿ ' oc ?@ ' ? 
o n ?(c? 5'E &?c 1 ' kc vhh Wdeoh 4
Fruroodu| : Wkh Eduwohww fruuhfwlrq idfwru iru wkh whvw ri P￿ G q ' Mc zlwk




2E ?nronn2 ? (n? _n&?o
n ￿
AodE2? n r  o  n2 ? ( E k n2 E S E k nS _E k o
Surri1 Iurp Fruroodu| 9 zh xvh wkh uhvxow iru d vlpsoh k|srwkhvlv rq q
dqg 4 lq wkh xquhvwulfwhg frlqwhjudwlqj prgho Pf1 Zh dsso| Wkhruhp 8 wr d
vlpsoh k|srwkhvlv rq q dqg 4 lq P￿ Wkh glphqvlrqv duh jlyhq e| ?￿ ' oc ?@ '
r  o n ?(c? 5'E &?c 1 ' k
.d2*L}u-Eq ' q
fc4'4 f mP￿o
￿ ' oEr  o n ?(n
oE r 3 on ? (￿
A d￿
2E rn? (n n? _n&?o
n
Er3on?(￿
A dE? n r  2o  n? ( E k n2 E S E k nS _E k o
Qrwh wkdw vlqfh T|3￿ dqg ~|3￿ kdyh wkh vdph ghqlwlrqv lq erwk fdvhv/ wkh
pdwul{ P dqg  kdyh qrw fkdqjhg/ dqg wkdw 1 ' k kdv wkh vdph phdqlqj lq
erwk prghov1 Wkxv wkh frh!flhqwv EkcS _ E k  cdqg S_Ek duh wkh vdph dv lq
Fruroodu| 91 Vxewudfwlqj wkh h{suhvvlrqv zh qg wkh uhtxluhg uhvxow1



















zkhuh wkh pdwul{ q
f
￿ E?  o￿ lv ri udqn o￿c dqg 4f
2 lv E  o￿/l vj l y h qe |
. d  2*L}u-EP2mPfo*o￿E?  o n ?(
￿ 'n￿
Ad ￿
2E ?n? (no 2n? _n&?o
n ￿
Ao￿dE2?  2o n ?(  EEk  Ek2  o￿Ek2n2 E S E k S E k 2oc
zkhuh wkh frh!flhqwv SEcS _E   cdqg E duh ghqhg lq Wkhruhp 81
57Surri1 Iurp Fruroodu| 9 zh xvh wkh uhvxow iru d vlpsoh k|srwkhvlv rq
q dqg 4 lq wkh xquhvwulfwhg frlqwhjudwlrq prgho Pf1 Zh dsso| Wkhruhp 8 wr
qg wkh uhvxow iru d vlpsoh k|srwkhvlv rq q dqg 4 lq prgho P21Q r w hw k d ww k h
glphqvlrqv kdyh fkdqjhg dv kdyh wkh ghqlwlrqv ri T|3￿ dqg ~|3￿ dqg wkdw 1 '
k2 Lq erwk fdvhv wkh vwdfnhg yhfwru ET|3￿c~ |3￿lv wkh vdph dqg khqfh wkh pdwul{
 dqg wkh yduldqfh pdwul{ P kdv wkh vdph phdqlqj lq erwk h{suhvvlrqv1 Zh
dsso| Wkhruhp 8 dqg qg iru ?￿ ' o2c? @'?  o n ? (c? 5'o ￿nE&?c 1 ' k2
.d2*L}u-Eq ' q
fc4'4 fmP2o
￿ ' o2E?  o n ?(n
o 2E ? 3 on ? (￿
A d￿
2E ?o ￿nn? (no ￿n? _n&?o
n
E?3on?(￿
A dE2?  o2  o  n? ( E k 2n2 E S E k 2nS _E k 2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Vxewudfwlqj zh qg wkh uhvxow1
8 Vlpxodwlrq h{shulphqwv
Zh uhsruw khuh vrph vlpsoh vlpxodwlrq h{shulphqwv wr looxvwudwh wkh xvhixoqhvv
ri wkh fruuhfwlrq1 Zh uvw jlyh wkh uhvxow iru wkh prgho zlwk rqo| rqh odj dqg
rqh frlqwhjudwlqj uhodwlrq/ vlqfh zh fdq jhw frpsohwh lqirupdwlrq rq krz wkh
fruuhfwlrq zrunv1 Wkhq zh suhvhqw d ihz uhvxowv zkhuh wkh GJS kdv ehhq fkrvhq
vr dv wr pdwfk wkh uhvxowv rewdlqhg iru uhdo gdwd/ dqdo|vhg hovhzkhuh1
814 Wkh prgho zlwk 4 frlqwhjudwlqj yhfwru dqg odj 4
Zh uvw frqvlghu wkh prgho zlwk rqo| rqh odj/ rqh frlqwhjudwlrq uhodwlrq dqg
qr ghwhuplqlvwlf whupv/ wkdw lv/ wkh prgho
{f| ' kq
￿f|3￿ n0|
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Zlwk wklv qrwdwlrq zh qg iurp Fruroodu| :
Fruroodu| < Lq wkh prgho {f|3￿ ' kq
￿f|3￿ n 0| zlwk rqh frlqwhjudwlqj uhod0
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o
Lq rughu wr vlpsoli| wkh vlpxodwlrqv zh wudqvirup wkh sureohp olqhduo|/ e|
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Wkh qhz yduldeohv  f| ' ￿f| vdwlvi| wkh htxdwlrqv
{  f￿| 'E q
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Wkxv rqo| wzr sdudphwhuv hqwhu wkh GJS dqg lw lv srvvleoh iru d jlyhq ? wr
wdexodwh wkh hhfw ri wkh Eduwohww fruuhfwlrq dv d ixqfwlrq ri mxvw wzr yduldeohv 1
dqg #cvhh Wdeohv 5071 Lq wklv irupxodwlrq q lv d xqlw yhfwru dqg k￿ 'E #c1cfcfcf




























































































Wdeoh 5= Vlpxodwlrq ri A 'D frevhuydwlrqv iurp dq DU+4, surfhvv lq 5 glphq0
vlrqv zlwk o 'frlqwhjudwlqj uhodwlrqv1 Wkh qxpehu ri vlpxodwlrqv lv 4313331
Wkh wdeoh jlyhv wkh fruuhfwhg s0ydoxh ryhu wkh xqfruuhfwhg s0ydoxh iru d qrplqdo
8( whvw1 Wkh vlpxodwlrq vwdqgdug huuru lv 315(
Zh wkhq qg vrph uhvxowv lq Wdeoh 5 +A 'D f c?'2  cWdeoh 6 EA 'D f c?'D 
dqg Wdeoh 7 EA ' f f c?'D  1L wl vv h h qw k d wi r u?'2d qrplqdo 8( whvw fdq
kdyh dq dfwxdo vl}h xs wr 49 ( dqg wkdw lq pdq| fdvhv +urxjko| # n 1	 f  2
wkh Eduwohww fruuhfwlrq idfwru jlyhv d xvhixo fruuhfwlrq1
Qrwh wkdw iru 1 'f cerwk frh!flhqwv kdyh d idfwru #3￿c vxfk wkdw iru vpdoo
#c wkh fruuhfwlrq idfwru whqgv wr lqqlw|1 Wkh GJS zkhuh erwk 1 dqg # duh }hur
fruuhvsrqgv wr qr frlqwhjudwlrq/ dqg wkh whvw rq q grhv qrw kdyh d phdqlqj lq
vxfk d vlwxdwlrq1 Wkh prgho zlwk # 'f cdqg 1 9'f cfruuhvsrqgv wr d GJS
jhqhudwlqj dq UE2 surfhvv/ dqg wkh ghulydwlrq ri wkh fruuhfwlrq idfwru lv qrw
ydolg lq wklv fdvh1
Iru ? 'D clw dsshduv iurp Wdeoh 6/ wkdw wkh vlwxdwlrq lv zruvh dqg wkh
dfwxdo vl}h fdq eh ydu| odujh lqghhg1 Wkh uhjlrq zkhuh wkh Eduwohww fruuhfwlrq lv
xvhixo lv dssur{lpdwho| jlyhq e| #n1	 f  e Reylrxvo| wkh vlwxdwlrq lpsuryhv
li A lv 433/ vhh Wdeoh 71
Xvxdoo| wkh whvw iru q lv surfhhghg e| d whvw iru wkh udqn/ dqg li # dqg
1 duh vx!flhqwo| vpdoo wkh k|srwkhvlv ri 4 frlqwhjudwlqj uhodwlrq zloo qrw eh
dffhswhg/ wkxv iru vpdoo ydoxhv ri 1 dqg # wkh Eduwohww fruuhfwlrq lv qrw qhhghg1





























































Wdeoh 6= Vlpxodwlrq ri A 'D frevhuydwlrqv iurp dq DU+4, surfhvv lq 8 glphq0
vlrqv zlwk o 'frlqwhjudwlqj uhodwlrqv1 Wkh qxpehu ri vlpxodwlrqv lv 4313331
Wkh wdeoh jlyhv wkh fruuhfwhg s0ydoxh ryhu wkh xqfruuhfwhg s0ydoxh iru d qrplqdo
8( whvw1 Wkh vlpxodwlrq vwdqgdug huuru lv 315(





























































Wdeoh 7= Vlpxodwlrq ri A ' ff revhuydwlrqv iurp dq DU+4, surfhvv lq 8 glphq0
vlrqv zlwk o 'frlqwhjudwlqj uhodwlrqv1 Wkh qxpehu ri vlpxodwlrqv lv 4313331
Wkh wdeoh jlyhv wkh fruuhfwhg s0ydoxh ryhu wkh xqfruuhfwhg s0ydoxh iru d qrplqdo
8( whvw1 Wkh vlpxodwlrq vwdqgdug huuru lv 315(
5;815 Vrph uhdo olih h{dpsohv
Dv d shukdsv pruh lqwhuhvwlqj fdvh frqvlghu wkh gdwd vhw glvfxvvhg lq Mrkdqvhq
+4<<9, ri d irxu yduldeoh v|vwhp frqvlvwlqj ri 6| Eorj uhdo P5,/ +| +orj uhdo
lqfrph,/ K
|+erqg udwh,/ dqg qdoo| _
| +ghsrvlw udwh, revhuyhg txduwhuo| iurp
4<:7=4 wr 4<;:=61 Zh wdnh dv GJS wkh sdudphwhuv ghwhuplqhg e| wkh hvwlpd0
wlrq/ dqg vlpxodwh d wlph vhulhv zlwk 86 revhuydwlrqv zklfk zdv wkh qxpehu ri
revhuydwlrqv lq wkh h{dpsoh1 Zh uvw jlyh wkh uhvxow iru d vlpsoh whvw rq q
Wkh Eduwohww idfwru lq wklv fdvh lv jlyhq e| Fruroodu| :/ vlqfh zh kdyh d
k|srwkhvlv rqo| rq qc zklfk zh irupxodwh dv
q ' M'q
fc
zlwk Ec Zh qg zlwk ? 'e co' cr' c? (' c? _'f c&'2 cvxfk wkh









d.Ekn2 S E k o
Zh qg iru d whvw ri qrplqdo vl}h 8( d vlpxodwhg R0ydoxh ri 4316( +43333
revhuydwlrqv, dqg d fruuhfwhg R0ydoxh ri 614(1














fruuhvsrqglqj wr wkh whvw wkdw 6| dqg +| hqwhu zlwk wkh vdph frh!flhqw zlwk
rssrvlwh vljq dqg wkdw wkh vdph krogv iru K
| dqg _
|
Zh qg djdlq iurp Fruroodu| : zlwk ? 'e co' cr'2 c&'2 c? (' c








dHEkn2 S E k o
Zh qg wkdw d qrplqdo 8( whvw kdv dq dfwxdo vl}h ri <1<( zkhuhdv wkh
vl}h iru wkh fruuhfwhg whvw lv 614(1
Dv dqrwkhu h{dpsoh frqvlghu wkh Dxvwudoldq gdwd frqvlvwlqj ri frqvxphu
sulfh lqglfhv +lq orjdulwkpv, iru Dxvwudold R@￿
| dqg XV R￿r
| dqg wkh h{fkdqjh
5<udwh e%S| wrjhwkhu zlwk wkh yh |hdu wuhdvxuh erqg udwh iru erwk frxqwulhv @￿
|
dqg ￿r
| 1 Wkh gdwd lv revhuyhg txduwhuo| iurp 4<:5=4 wr 4<<4=4/ zklfk jlyhv
dq hhfwlyh qxpehu ri revhuydwlrq ri :81 Zh wwhg d prgho zlwk wzr odjv
dqg xquhvwulfwhg frqvwdqw/ dqg irxqg wzr frlqwhjudwlqj uhodwlrqv1 Zh uvw whvw
d vlpsoh k|srwkhvlv rq wkh wzr frlqwhjudwlqj uhodwlrqv1 Lq wklv fdvh zh kdyh
? 'D co'2 cr'2 c&'2 c? ('f c? _' cvxfk wkdw wkh ghjuhhv ri iuhhgrp
duh oE?  r'S Vlqfh _| ' czh qg wkdw
S_Ek'? _ E k ' E k  








d.Ekn2 S E k o
Zh irxqg wkdw d qrplqdo 8( whvw lq uhdolw| fruuhvsrqgv wr d whvw vl}h ri 54(1
Wkh fruuhfwlrq ri wkh whvw jlyhv d vl}h ri 916(1 Wkh uhvxow lv edvhg xsrq 431333
vlpxodwlrqv1
Qh{w frqvlghu wkh whvw iru sulfh krprjhqhlw| jlyhq e| wkh uhvwulfwlrq
- 'E  c cf cf cfc
dqg M ' -z Lq wklv h{dpsoh r 'e cvxfk wkdw wkh ghjuhhv ri iuhhgrp duh




2AdbEkn2 S E k o
E| shuiruplqj 431333 vlpxodwlrqv zh vhh wkdw d qrplqdo 8( whvw fruuhvsrqg wr
d whvw ri vl}h 4318(/ dqg wkdw wkh Eduwohww fruuhfwlrq jlyhv wkh vl}h dv 616:(1
9 Frqfoxvlrq
Lq wklv sdshu zh kdyh ghulyhg dq dssur{lpdwlrq ri wkh orj olnholkrrg udwlr
vwdwlvwlf iru ydulrxv k|srwkhvhv rq wkh frlqwhjudwlqj frh!flhqwv lq d YDU prgho1
Ghvslwh wkh udwkhu whglrxv fdofxodwlrqv lw wxuqv rxw wkdw wkh qdo uhvxow ghshqgv
rq wkh reylrxv txdqwlwlhv olnh/ glphqvlrq/ odj ohqjwk/ frlqwhjudwlqj udqn/ qxpehu
ri uhvwulfwhg ghwhuplqlvwlf whupv/ dqg qxpehu ri xquhvwulfwhg whupv/ dv zhoo dv
rq wkh k|srwkhvlv/ wkdw zh zdqw wr whvw1 Wkh hhfw ri wkh sdudphwhuv lv irfxvvhg
lq wzr ru vrphwlphv wkuhh ixqfwlrqv/ zklfk fdq eh hdvlo| fdofxodwhg rqfh wkh
sdudphwhuv ri wkh prgho kdv ehhq hvwlpdwhg1
63Wkh xvhixoqhvv ri wkh uhvxowv lv ghprqvwudwhg e| vrph vlpxodwlrq h{shul0
phqwv1 Wdeoh 5 dqg 6 jlyh wkh uhvxowv iru doo prghov zlwk rqh odj/ rqh frlqwh0
judwlqj yhfwru dqg qr ghwhuplqlvwlf whupv lq fdvh ? '2 cdqg A 'D f cdqg Wdeoh
7i r u?'Ddqg A ' f f 
: Uhihuhqfhv
Dkq/ V1 N1 dqg F1 J1 Uhlqvho +4<<3, Hvwlpdwlrq iru sduwldoo| qrq0vwdwlrqdu|
pxowlyduldwh dxwruhjuhvvlyh prghov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq ;8/ ;460;561
Eduwohww/ P1 V1 +4<6:, Surshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv1 Surfhhglqj
ri wkh Ur|do Vrflhw| ri Orqgrq Vhulhv D/ Yro1 493/ 59;05;51
Fuledul0Qhwr/ I1 dqg Frughlur/ J1 +4<<9, Rq Eduwohww dqg Eduwohww0w|sh fru0
uhfwlrqv1 Hfrqrphwulf Uhylhzv 48/ 66<069:1
Idfklq/ V1 +4<<:, Errwvwuds dqg dv|pswrwlf whvwv ri orqj0uxq uhodwlrqvklsv lq
frlqwhjudwhg v|vwhpv/ Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Urph1
Juhghqkr/ P1 dqg Mdfrevrq/ W1 +4<<;, Errwvwuds whvwlqj dqg dssur{lpdwh
qlwh vdpsoh glvwulexwlrqv iru whvw ri olqhdu uhvwulfwlrqv rq frlqwhjudwlqj
yhfwruv1 Glvfxvvlrq sdshu/ Vwrfnkrop Vfkrro ri Hfrqrplfv1
Kdxj/ D1 +4<<;, Whvwlqj olqhdu uhvwulfwlrqv rq frlqwhjudwlqj yhfwruv1 vl}h dqg
srzhu ri Zdog whvwv lq qlwh vdpsohv1 Glvfxvvlrq sdshu/ Xqlyhuvlw| ri
Fdqwhuexu|1
Mdfrevrq/ W1 +4<<8, Vlpxodwlqj vpdoo vdpsoh surshuwlhv ri wkh pd{lpxp olnh0
olkrrg frlqwhjudwlrq prgho= hvwlpdwlrq dqg whvwlqj1 Ilqqlvk Hfrqrplf
Sdshuv ;/ <9043:1
Mdfrevrq/ W1 Yuhglq/ D1/ dqg Zduqh/ D1 +4<<;, Duh uhdo zdjhv dqg xqhpsor|0
phqw uhodwhg B Hfrqrplfd 98/ 9<0<91
Mrkdqvhq/ V1 +4<<9, Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruh0
juhvvlyh prghov1 R{irug= R{irug Xqlyhuvlw| Suhvv1
Mrkdqvhq/ V1 +4<<<, D vpdoo vdpsoh fruuhfwlrq iru whvw ri k|srwkhvhv rq wkh
frlqwhjudwlqj yhfwruv1 Glvfxvvlrq sdshu/ HXL1
Odzoh|/ G1Q +4<89, D jhqhudo phwkrg iru dssur{lpdwlqj wr wkh glvwulexwlrq
ri olnholkrrg udwlr fulwhuld1 Elrphwulnd 76/ 5<906361
64; Dsshqgl{
;14 Vrph whfkqlfdo uhvxowv
Ohppd 43 Xqghu wkh dvvxpswlrqv +5, dqg +6, wkh srzhuv ￿ jurz dw prvw
dv d sro|qrpldo lq 




























Wklv lv erxqghg e| d sro|qrpldo ri ghjuhh 5 lq 1L q d v l p l o d u z d | r q h f d q
suryh wkdw ￿ lv erxqghg e| d sro|qrpldo ri ghjuhh dw prvw htxdo wr wkh rughu
+plqxv rqh, ri wkh odujhvw Mrugdq eorfn lq 
Ohppd 44 Ohw 7| '
S"



















































65Zh qh{w jlyh dq h{sdqvlrq ri d surmhfwlrq pdwul{ zklfk zloo eh xvhg
lq wkh ghwdlohg fdofxodwlrqv ehorz1 Uhfdoo iurp Wkhruhp 6 wkdw 	 E	 1c 	 l '
	 1E	 1
￿	 l3￿	 13￿	 1
￿	 l3￿c dqg zh ghqh 7 E	 1c 	 l ' 	 1zE	 1
￿
z	 l	 1z3￿	 1
￿
z ' 	 l3￿	 l3￿ 	 E	 1c 	 l
Qrwh wkdw zh rqo| h{sdqg dv d ixqfwlrq ri 	 1 exw nhhs 	 l
Ohppd 45




￿	 l3￿13￿E	 1  1￿ 7 E1c 	 l
n 7 E1c 	 lE	 1  1E1
￿	 l3￿13￿E	 1  1￿ 7 E1c 	 l
	 l3￿1E1




￿	 l3￿13￿E	 1  1￿	 l3￿1E1
￿	 l3￿13￿E	 1  1￿ 7 E1c 	 l
 7 E1c 	 lE	 1  1E1
￿	 l3￿13￿1
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Wkh txdgudwlf whup lv
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Zkhq vxevwlwxwlqj  dqg  zh qg wkh uhvxow1
66;15 Surri ri Wkhruhp 7
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;1514 Fdofxodwlrq ri |oi'￿j
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;1516 Wkh pdlq whup |oi'fj
Wklv whup lv ri wkh rughu ri A 3￿
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Lq rughu wr vlpsoli| wkhvh h{suhvvlrqv zh qhhg wkh lghqwlwlhv






































































Zh wkhq wdnh wkh whupv rqh e| rqh
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;1517 Wkh whup D￿
Zh qg vlqfh wkh whup lv ri wkh rughu ri A 3￿ wkdw zh fdq uhsodfh hdfk pdwul{
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;1518 Wkh whup De
Djdlq zh fdq uhsodfh hdfk pdwul{ zlwk lwv olplw wr vlpsoli| wkh h{suhvvlrq
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6;;1519 Wkh whup DD
Xvlqj wkh vdph uhodwlrqv dv ehiruh zh qg
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Wklv frpsohwhv wkh surri ri wkh uhsuhvhqwdwlrq ri wkh olnholkrrg udwlr whvw
vwdwlvwlf jlyhq lq Wkhruhp 71
;16 Surri ri Wkhruhp 8
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6<Wklv lv wkh fruuhfwlrq whup jlyhq lq +Mrkdqvhq 4<<</ Wkhruhp 616, edvhg
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cSE1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duh jlyhq lq Wkhruhp 81
Wkh uhvw ri wkh surri ri Wkhruhp 8 ghdov zlwk wkh sureohp ri hydoxdwlqj
g￿ n ge n gD n gS n g.
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Zh jhw d qrq }hur phdq li wkh qxpehu ri vwrfkdvwlf idfwruv lv hyhq1 Zh
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Zh qrwlfh wkdw wr jhw d frqwulexwlrq zh qhhg rc |c dqg 6 wr eh wlhg wrjhwkhu
zklfk dozd|v jlyhv vrphwklqj ri wkh irup
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zklfk whqgv wr }hur vlqfh A 3￿ S
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Vlqfh wkh idfwru lq iurqw lv A3￿ zh qhhg rqo| whupv ri rughu 4 iurp wklv h{shfwdwlrq
Wkh rqo| whup zkhuh zh vkdoo jhw d vxppdwlrq ri K zlwk lwvhoi/ zklfk lv ri wkh























































78Qh{w wu| wzr vwrfkdvwlf idfwruv1 Wkhuh duh wkuhh srwhqwldo frqwulexwlrqv






















































































































































































































































































zklfk wrjhwkhu zlwk +93, jlyhv wkh frqwulexwlrq
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vlqfh r     9' r zh pxvw wlh doo lqglfhv wr r dqg wkdw zloo lqyroyh wkh
vxppdwlrq ri @ dqg Kc zklfk zkhq qrupdol}hg e| K@3￿
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khqfh wkh frqwulexwlrq lv JEc ehfdxvh ri wkh idfwru A 3￿
Iru wzr vwrfkdvwlf whupv zh qg wzr srwhqwldo frqwulexwlrqv zklfk duh








































































































































dqg khqfh grhv qrw jlyh d frqwulexwlrq1
Ilqdoo| zh qhhg
7;Wkh whup N￿D
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zklfk lv djdlq 5 JE e| wkh vdph dujxphqwv1
Zlwk wzr vwrfkdvwlf idfwruv zh qg wkh whupv g￿D2cg ￿D￿c dqg g￿De



































































Wklv lv JE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